Discrete time crystals are related to non-equilibrium dynamics of periodically driven quantum many-body systems where the discrete time translation symmetry of the Hamiltonian is spontaneously broken into another discrete symmetry. Recently, the concept of phase transitions has been extended to non-equilibrium dynamics of time-independent systems induced by a quantum quench, i.e. a sudden change of some parameter of the Hamiltonian. There, the return probability of a system to the ground state reveals singularities in time which are dubbed dynamical quantum phase transitions. We show that the quantum quench in a discrete time crystal leads to dynamical quantum phase transitions where the return probability of a periodically driven system to a Floquet eigenstate before the quench reveals singularities in time. It indicates that dynamical quantum phase transitions are not restricted to time-independent systems and can be also observed in systems that are periodically driven. We discuss how the phenomenon can be observed in ultra-cold atomic gases.
I. INTRODUCTION
Phase transitions in equilibrium statistical physics are related to abrupt changes of macroscopic properties of many-body systems [1, 2] . Macroscopic quantities that characterize systems in the thermodynamic limit reveal non-analytical behavior as a function of a control parameter. The equilibrium phase transitions are much better understood than non-equilibrium dynamics of quantum many-body systems [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Recently, it has been shown that real-time evolution of time-independent many-body systems, after a quantum quench, can reveal non-analytical behavior at a critical time [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . That is, starting with a system in the ground state, a sudden change of some parameter of the Hamiltonian results in non-analytical evolution of the return probability to the initial ground state. This phenomenon has been termed dynamical quantum phase transition and it has been already demonstrated in experiments [27, 28] , for review see [29] .
In 2012 Frank Wilczek suggested that periodic structures in time could be formed spontaneously by a quantum many-body system [30] . The original idea of such a time crystal could not be realized because it assumed a system in the ground state [31] [32] [33] [34] [35] [36] . However, soon it turned out that periodically driven quantum many-body systems were able to self-re-organize their motion and spontaneously start evolving with a period which was different than a period of an external driving [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . These quantum phenomena are dubbed discrete time crystals because discrete time translation symmetry is broken into another discrete symmetry. Discrete time crystals have been recently observed experimentally [49] [50] [51] . It should be stressed that in the classical regime breaking of discrete time translation symmetry in an atomic system has been also demonstrated in a laboratory [52, 53] . Wilczek idea initiated a new research area where nontrivial crystalline structures are investigated in the time domain [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] , for review see [65] .
Discrete time crystal formation takes place if interactions between particles are sufficiently strong. If they are not, exact many-body Floquet eigenstates evolve with a period of an external driving and are not vulnerable to infinitesimally weak perturbations. However, when the strength of particle interactions is greater than a critical value, Floquet eigenstates possess Schrödinger cat like structures and any perturbation, or even measurement of a position of a single particle, has a dramatic effect on system dynamics leading to a change of the period of motion [37, 65] . Here we will show that starting with a Floquet eigenstate in the regime of time crystal formation, an abrupt change of the particle interaction strength to the weak interaction regime induces dynamical quantum phase transitions. That is, the return probability to the initial Floquet eigenstate reveals singularities in time. In the second part of the article we consider singularities in the dynamics of states with spontaneously broken time translation symmetry, and identify experimentally measurable observables.
II. RESULTS
We will focus on the discrete time crystal described in Ref. [37] , i.e. on ultra-cold bosonic atoms bouncing on a harmonically oscillating (with frequency ω) mirror in the presence of the gravitational force [66] [67] [68] [69] . Let us begin with a single particle problem. In the frame moving with the mirror and in the gravitational units the Hamiltonian for a single-particle system reads H 0 = p 2 2 +x+Λx cos(ωt) where x ≥ 0, i.e. the mirror is located at x = 0 in the moving frame, and Λ ω 2 is the amplitude of the mirror oscillations in the laboratory frame [69] . Classical description of a single particle reveals resonant periodic orbits arXiv:1712.05588v3 [cond-mat.quant-gas] 30 May 2018 with periods equal to integer multiples of the driving period 2π ω . We will concentrate on the 2:1 resonance where the classical resonant orbit possesses the period 2 2π ω . In the quantum description there exist two Floquet eigenstates which are represented by two orthogonal superpositions, u 1,2 (x, t) ∝ φ 1 ±φ 2 , of two localized wavepackets, φ 1,2 (x, t), that move along the 2:1 resonant orbit like a classical particle. Each of these two wavepackets evolves with the period 2 2π ω but because after every period 2π ω they exchange their roles, the Floquet eigenstates u 1,2 are periodic with the period of the external driving. The two Floquet states are eigenstates of the single particle Floquet Hamiltonian, (H 0 − i∂ t )u 1,2 = ε 1,2 u 1,2 , corresponding to quasi-energies ε 2 = ε 1 +J (modulo ω 2 ) where J is an amplitude related to tunneling of a particle from one of the wavepacket to the other one.
In order to find many-body Floquet eigenstates for ultra-cold atoms bouncing on the oscillating mirror we assume that interaction energy per particle is much smaller than the energy gap for excitation of the localized wavepackets. In the following we use the parameters as in Ref. [37] , i.e. Λ = 0.06 and ω = 1.1, then the energy gap is about 10 3 J while the interaction energy we consider is of the order of 10J. Therefore, we may restrict to the consideration of behavior of the N -body system in the Hilbert subspace spanned by Fock states |N − n, n where N − n and n are occupations of the localized wavepackets φ 1 and φ 2 , respectively [37, 55] . This approximation resembles the two-mode approximation known in the description of a many-body system in a double-well potential [70] . In the time-dependent two-mode basis {φ 1 (x, t), φ 2 (x, t)}, our N -body Floquet Hamiltonian reduces tô
where the standard bosonic operatorsâ 1,2 annihilate particles in the modes
2 with g 0 determined by s-wave scattering length of atoms [37] . For very weak interactions, i.e. for γ = N (U − 2U 12 )/J ≈ 0, the ground state of the Hamiltonian (1) corresponds to a Bose-Einstein condensate where all bosons occupy the single particle Floquet state u 1 (x, t). However, if particle interactions are attractive (g 0 < 0) and sufficiently strong, γ −1, it is energetically favorable to group all atoms in one of the localized wavepackets. Then, for large N , low-lying eigenstates of the Hamiltonian (1) are dominated by pairs of nearly degenerate Schrödinger cat like states [71, 72] . For example, the lowest two eigenstates of (1) are |ψ ± (t) ≈ (|N, 0 ± |0, N )/ √ 2. Such many-body Floquet eigenstates evolve with the period of the external driving 2π ω . However, even if the many-body system is prepared initially in one of such Schrödinger cat like states, e.g. in the Floquet eigenstate |ψ + , measurement of a position of a single particle leads to a collapse of the eigenstate to |N, 0 or |0, N state what breaks the original time translation symmetry because the subsequent time evolution takes place with the period 2 2π ω [37] . The lifetime of the symmetry broken state goes to infinity when N → ∞ but γ =constant.
In the first part of this article we do not consider spontaneous breaking of time translation symmetry but we assume that the perfectly isolated system is prepared in the Floquet eigenstate |ψ + (t) = K(t, 0)|ψ + (0) , where K(t, 0) is the time evolution operator corresponding to γ < −1 and |ψ + (0) is the Floquet eigenstate at t = 0. Subsequently, we assume that at t = t 0 > 0 the swave scattering length g 0 is suddenly changed to, e.g., zero. After the quench, the state evolves according to the new time evolution operator: |ψ + (t) =K(t, t 0 )|ψ + (t 0 ) . Time evolution of |ψ + (t) can be easily obtained by numerical integration of the many-body Schrödinger equation with the Hamiltonian (1) (this Hamiltonian can be rewritten in the form of the spin system Hamiltonian [73] or the infinite-range Ising model [12] ). However, it is much more instructive to apply the so-called continuum approximation [71] which reduces the many-body Hamiltonian (1) to the Hamiltonian of a fictitious particle,
in the presence of the effective potential,
Wavefunction ψ(z) of the fictitious particle is a manybody state written in the Fock space basis |N − n, n but with the assumption that number of particles N is so large that the relative population difference z n = (N −n)−n N can be treated as a continuous variable z with the restriction |z| ≤ 1.
There are two crucial ranges of the parameter γ. For γ < −1 the effective potential (3) possesses a double well structure, while for γ > −1 it has a single well shape [71] . For γ < −1, the ground state of the fictitious particle can be approximated by the superposition
where ψ L,R are Gaussian states. (See the Appendix A for a derivation of the continuum approximation, and the analytical solutions for |ψ + (t) .) The state ψ + (z) is the previously described Nbody Floquet eigenstate |ψ + (t) = n ψ + (z n )|N − n, n written in the time-dependent Fock basis and within the continuum approximation.
Let us assume that the system is prepared in the ground state ψ(z) = ψ + (z) of the Hamiltonian (2) for γ < −1 and at t = t 0 we suddenly set the scattering length g 0 to zero, i.e. we switch to γ = 0. The stateψ(z, t > t 0 ) evolves according to the new Hamiltonian and we are interesting in the so-called Loschmidt echo [14] , i.e. the return probability to the initial state, |G(t > t 0 )| 2 , where
. Such a Loschmidt echo corresponds actually to the return probability of the evolving N -body state |ψ + (t) = nψ (z n , t > t 0 )|N −n, n to the time-periodic Floquet eigenstate |ψ + (t) , i.e. G(t > t 0 ) = ψ + (t)|ψ + (t) . The Floquet eigenstate |ψ + (t) evolves periodically in time with the period 2π ω (modulo timedependent global phase). The state |ψ + (t) also reveals nearly periodic behavior on short time intervals around any t, however, it becomes very quickly nearly orthogonal to |ψ + (t) if N is large. Dynamical quantum phase transitions are associated with non-analytic behavior of the Loschmidt echo |G(t > t 0 )| 2 . In order to study the quantum phase transitions in time, it is convenient to define an intensive rate function
In Fig. 1(a) we show the rate function λ 
√ 2 for γ = −1.15 and N = 1500 we obtain subsequent evolution of ψ(z, t > t 0 ) for γ = 0 by harmonic approximation of the potential (3) and by dropping (2). (See Appendix A for the derivation of the rate function λ + (t).) The analytical results follow closely the results of the full numerical integration of the N -body Schrödinger equation (also shown in Fig. 1 ) and allow us to obtain λ (N ) + (t) in regimes where the Loschmidt echo is so small that the numerical precision breaks down. Cusp-like non-analytic behavior of λ + (t) appear at critical times
where
. It should be stressed that the order of the limits is important. Indeed, lim
is not because whenever the cosine in (6) is close to zero, the logarithm diverges which corresponds to accidental values of N for which the Loschmidt echo vanishes. In Fig. 1(b) we show λ (N ) + (t) around the first critical moment of time for different N . With the increasing particle number we get closer to the non-analytical behavior but for some specific values of N the rate diverges.
The Loschmidt echo can be interpreted as information about the evolving system from the point of view of the initial Floquet eigenstate. At the critical time we are not able to extrapolate such information because of the breakdown of a short time expansion. Hilbert space of the system is spanned by the Fock states |n 1 , n 2 where only two modes φ 1,2 (x, t) are occupied by particles. It turns out that not only the Loschmidt echo but also the von Neumann entropy of the reduced density matrix of the system after the quench, i.e. S(t > t 0 ) = −tr (ρ 1 ln ρ 1 ) where ρ 1 = n2 n 2 |ψ + (t) ψ + (t)|n 2 , reveals non-analytical behavior at critical moments of times. Indeed, within the continuum approximation
Figure 2 illustrates such a sudden jump of the entropy in the system of N = 10 4 particles, see Appendix B. So far we have considered the system prepared initially in the Floquet state |ψ + (t) that corresponds to the ground state of the Hamiltonian (1) -within the continuum approximation
The first excited eigenstate of (1) can be approximated by
√ 2 and its eigenenergy becomes degenerate with the ground state energy when N → ∞. If γ −1, the Floquet state |ψ + (t) is actually a Schrödinger cat-like state and it could be very difficult to prepare it experimentally because any loss of atoms makes the Schrödinger cat collapse to one of the states |ψ L,R (t) [37] . Assume, that for γ −1 we have prepared the system in the state |ψ(t) = |ψ R (t) = [|ψ + (t) − |ψ − (t) ]/ √ 2 which is a symmetry broken state because it evolves with the period twice longer than 2π ω [37] . At t = t 0 we switch the scattering length g 0 to zero. If the ground state level of the initial Hamiltonian is degenerate, the Loschmidt echo is generalized to the return probability of the state after the quench to the ground state manifold [14, 26] , i.e.
where G L,R (t) = ψ L,R (t)|ψ(t) . The rate function of the return probability reads
where λ L,R (t) = lim
Let us stress that the rate (9) defined for the initial symmetry broken state is the same as (4). Therefore, the observed cusps in λ + (t) are a direct consequence of the presence of two symmetry broken states and the fact that the rates λ L/R (t) cross at the critical time, see Appendix A. Let us also stress that although the cusps of Loschmidt echo are difficult to measure, the rates can be easily accessible experimentally. Actually, in an experiment it is not necessary to reach the thermodynamic limit in order to estimate non-analyticities of the rate function λ(t). Indeed, if λ (N ) L,R (t) measured the smallest value of them corresponds to λ(t). This procedure has been adopted experimentally [27, 28] and can be also applied in experiments on discrete time crystals. In Fig. 3 (a) we show λ 
. If initially we choose γ −1, then at t = t 0 the system is a Bose-Einstein condensate where all bosons occupy the mode φ 2 (x, t). At t = t c we have λ L (t) = λ R (t), and consequently the return probabilities of |ψ(t) to |ψ L,R (t) are equal. Nevertheless, this does not imply that a state |ψ(t = t c ) is an equal superposition of |ψ L,R (t = t c ) . In fact, we find that at all times the state is still a Bose-Einstein condensate with the wavefunction α 1 φ 1 (x, t) + α 2 φ 2 (x, t). At t = t c the condensate wavefunction is an equal superposition of φ 1 (x, t) and φ 2 (x, t), and at t = t c + π 2J the mode φ 1 (x, t) becomes a condensate wavefunction. Fig. 3 (b) illustrates evolution of atomic density: right after the quench, around the critical time t c = t 0 + π 2J and around t = t 0 + π J . At moments of time when the wavepackets φ 1,2 (x, t) do not overlap the measurement of atomic density allows one to obtain α 1,2 and consequently the rates λ (N ) from top to bottom, respectively. Middle column presents the particle density at similar time moments but around t = tc while the right column corresponds to analogues plots around t = 2tc. One can see that in the middle column both wavepackets φ1,2(x, t) are occupied by particles. At moments of time when the wavepackets do not overlap, it is easy to determine their occupations by particles, |α1,2|
2 , and consequently the rates λ
III. CONCLUSIONS
In summary, we have shown that the dynamical quantum phase transitions are not restricted to time independent problems and can also occur in periodically driven systems. In particular, the dynamical quantum phase transitions can be observed in discrete time crystals. The Loschmidt echo is related to the return probability of the system after a quench to the initial periodically evolving Floquet eigenstate. We have shown that the first derivative of the rate function of the Loschmidt echo is discontinuous at t = t c . The cusp in the Lochschmidt echo is a signature of passing the critical point between the discrete time crystal regime and the regime where no spontaneous time translation symmetry breaking can be observed. Non-analytical behavior of the corresponding rate function has been proven with the help of the so-called continuum approximation where the Hamiltonian of the many-body system is reduced to the one-body Hamiltonian of a fictitious particle. Dynamical quantum phase transition takes place in the thermodynamic limit which corresponds to the infinite mass of the fictitious particle. The dynamical quantum phase transition described here can be observed in discrete time crystal experiments if the system is prepared in a state which reveals time translation symmetry breaking.
APPENDIX A: Time evolution after a quench within the continuum approximation
In the main text we consider a model of a discrete time crystal (DTC), whose description, in the periodically evolving basis, reduces to a N -body two-mode Hamiltonian
whereâ 1,2 are standard bosonic operators which annihilate particles in the periodically evolving modes φ 1,2 (x, t), J is hopping amplitude while U and U 12 are interaction strengths between particles in the same and different modes respectively. A relative interaction strength can be quantified by a dimensional parameter γ = N (U − 2U 12 )/J. In the thermodynamical limit, i.e. where N → ∞ but γ =constant, the model has a quantum critial point at γ = −1 which separates a trivial and a DTC phase. In the DTC phase, i.e. for γ < −1, low-lying eigenstates of (A.1) are vulnerable to any perturbation and spontaneous breaking of the discrete time translation can be observed [37, 65] .
Here, we describe the time evolution of the system when one starts with the DTC regime and prepares the system either in the symmetric ground state of (A.1) or one of the lowest symmetry broken states. After the quench through the quantum critical point to the trivial phase (i.e. to γ = 0) we observe singularities of the rate of the Loschmidt echo in time, see the main text. The afterquench evolution is described analytically within the socalled continuum approximation [71] .
A. Continuous Hamiltonian
Let us write the Schrödinger equation of the system in the Fock basis
where |ψ = n ψ n |N − n, n , or explicitly
For N 1 we can treat the relative population difference z n = (N −n)−n N as a continuous variable z with the condition that |z| ≤ 1, and ψ(z n ) = ψ n as continuous wavefunction of a fictitious particle. The continuum approximation reduces the many-body Hamiltonian (A.1) toĤ
where the effective potential reads
For the latter convenience we set J = 1.
B. Ground state manifold
For γ < −1 the effective potential V (z) has a double well structure and the lowest energy eigenstates of (A.4) can be approximated by
where ψ L,R (z) are Gaussian states
. The Gaussian states are the harmonic oscillator ground states obtained by harmonic expansions of V (z) around the two local minima ±q
and by substituting 1 − q 2 for √ 1 − z 2 in (A.4). For fixed γ, the larger N , the more localized Gaussian states because the total number of particles N is proportional to the mass of the fictitious particle described by the Hamiltonian (A.4).
C. After-quench evolution
Let us assume that for large but finite N the system is initially prepared in the symmetric ground state ψ(z, 0) = ψ + (z) (A.6). At t = t 0 = 0 we set γ = 0 and describe the time evolution of the system by means of the continuous Hamiltonian (A.4) where the term
where a(t) = N/ (4 sin(t)). Explicitly we obtaiñ
D. Loschmidt echo and rate function
In this part we give explicit formulas, within the continuum approximation, for the Loschmidt echo and the rate function [29] when initially the system is prepared in the symmetric ground state (A.6). The initial state is written in the periodically evolving basis and corresponds to the Floquet state that fulfils the discrete time translation symmetry of the original time-dependent Hamiltonian.
The probability of the return of the evolving N -body state |ψ + (t) = nψ (z n , t > t 0 )|N − n, n to the timeperiodic Floquet symmetric eigenstate |ψ + (t) , is given by the Loschmidt echo |G(t > t 0 )| 2 , where
is called the Loschmidt amplitude. Within the continuum approximation (A.18) is equivalent to
The Loschmidt amplitude (A.19) can be written in terms of the symmetry broken states (A.6) and (A.11), namely
where, after a conscientious calculation we obtain:
The Loschmidt echo for non-critical states scales exponentially with the total number of particles N [74] . Therefore, it is convenient to consider an intensive quantity, i.e. the rate of the Loschmidt echo
(A.28) A straightforward calculations shows that in the thermodynamical limit
The rate function (A.29) has a non-analytic cusp for t = t c = π/2 when λ R = λ L . This cusp results in discontinuity of the first derivate of the rate function
(A.30) It should be stressed that the order of the limits is important. Indeed, lim
(A.31) is not because whenever the cosine in (A.31) is close to zero, the logarithm diverges which corresponds to accidental values of N for which the Loschmidt echo vanishes.
APPENDIX B: Calculation of entanglement entropy
In this section we present the calculation of the nonanalytical jump of the entanglement entropy S(t) at the critical point t = t c when the system is initially prepared in the symmetric Floquet state ψ + (z) (A.6).
The von Neumann entropy of the reduced density matrix of the system after the quench is defined as S(t > t 0 ) = −tr (ρ 1 ln ρ 1 ) , where β = N q/2. Note that because of the presence of cos 2 (βz) there are no singular points under the integral in the second term. Subtracting (B.7) from (B.4) we obtain δS(t c ) ≡ lim 
